In the literature, there are numerous studies of one-dimensional discrete-time quantum walks (DTQWs) using a moving shift operator. However, there is no exact solution for the limiting probability distributions of DTQWs on cycles using a general coin or swapping shift operator. In this paper, we derive exact solutions for the limiting probability distribution of quantum walks using a general coin and swapping shift operator on cycles for the first time. Based on the exact solutions, we show how to generate symmetric quantum walks and determine the condition under which a symmetric quantum walks appears. Our results suggest that choosing various coin and initial state parameters can achieve a symmetric quantum walk. By defining a quantity to measure the variation of symmetry, deviation and mixing time of symmetric quantum walks are also investigated.
I. INTRODUCTION
Quantum walks (QWs) are analogues of classical random walks, designed primarily with the aim of finding quantum algorithms that are faster than classical algorithms for the same problem [1] [2] [3] [4] . The continuous interest in quantum walk (QW) can be attributed to its broad applications to many distinct fields, such as polymer physics, solid state physics, biological physics, and quantum computation [3] [4] [5] [6] [7] [8] [9] . In the literature [5] [6] [7] , there are two types of quantum walks: continuous-time and discrete-time quantum walks. The main difference of the two types of quantum walks is that discrete-time quantum walks (DTQWs) require an extra coin Hilbert space in which the coin operator acts, while continuous-time quantum walks (CTQWs) do not need this extra Hilbert space. Aside from this, these two QWs are similar to their classical counterparts. Discrete-time quantum walks evolve by the application of a unitary evolution operator at discrete time intervals, and continuoustime quantum walks evolve under a (usually time-independent) Hamiltonian in Schrödinger picture. Due to the different dimensional Hilbert space, CTQWs cannot be regarded as the limit of DTQWs as the time step goes to zero and there is no simple relation connecting the two QW models [10] [11] [12] . However, in Ref. [11] , the author proposes a precise correspondence between CTQWs and DTQWs on arbitrary graphs, showing that CTQWs can be obtained as an appropriate limit of DTQWs. The correspondence also leads to a new technique for simulating Hamiltonian dynamics, giving efficient simulations even in cases where the Hamiltonian is not sparse [11] .
In this paper, we focus on the DTQWs. There are numerous studies on DTQWs on the line or cycle. However, all the studies for 1D DTQWs employ a moving shift operator S m , i.e.,Ŝ m |j, L = |j − 1, L ,Ŝ m |j, R = |j + 1, R , the moving shift operator acting on a state only moves the position of the particle and does not change the direction of the coin. In the meanwhile, DTQWs using the swapping shift operator, which changes both the position and direction of the coin's quantum state, i.e.,Ŝ s |j, L = |j − 1, R , S s |j, R = |j + 1, L , have not received much attention in the literature. In Ref. [13] , the authors obtained the limiting probability distributions of DTQWs using a Hadamard coin and moving shift operator on the cycle. There is no exact solutions for the limiting probability distribution of DTQWs on cycles using a general coin or swapping shift operator.
In this paper, we will study DTQWs on cycles using a general coin and swapping shift operator, and obtain exact solutions for the limiting probability distributions for the first time. In addition, based on the exact solutions, we analyze the symmetry behavior of the probability distributions. The symmetry analysis may be important for the controlling of QWs in experimental implementation. Before our findings, a well known feature is that the unbiased initial coin state (|L ± i|R )/ √ 2 leads to a symmetric probability distribution for the 1D quantum walks. This universal symmetry does not dependent on the coin parameters and holds for a wide range of quantum walks. The essential nature of such symmetry can be revealed by combining probabilities from two mirror image orthogonal components of the amplitudes. However, in addition to this universal symmetry, there are other initial coin states could result in a symmetric quantum walk. Here, we will determine a universal condition under which a symmetric quantum walk appears. Our results suggest that, in addition to the unbiased initial coin state (|L ± i|R )/ √ 2, other initial coin states can also realize a symmetric quantum walk.
II. THE MODEL
In this section, we will define the model of discrete-time quantum walks on the cycles, and determine the eigenvalues and eigenstates of the evolution operator.
A. Discrete-time quantum walks on the cycles (DTQWs): Initial state, Coins and
Shift operator
To address the problem, let's consider a 1D DTQW on the cycles. For a one-dimensional cycle composed of N nodes, which are labeled as {x : x = 1, 2, ..., N}, each node 1 x N is connected its two nearest neighbors. The cycle is the simplest one-dimensional graph with periodic boundary condition. The Hilbert space H for DTQWs on cycles has 2N base vectors, which are denoted as |1, L , |2, L , · · · , |N, L , |1, R , |2, R , · · · , |N, R . Suppose the particle was initially (t = 0) localized at node x 0 and the initial coin states distributed in the coin subspace and superposed state
e., the initial state in the whole Hilbert space is,
where φ is the relative phase between the |L and |R amplitude.
For the coin operator, without loss of generality, we use the simple coin operator with
The initial state and coin operator in Eqs. (1) and (2) are widely used in the theoretical models and experimental implementations of quantum walks [5] [6] [7] . For the controlling of evolution, we use the swapping shift operatorŜ, which changes both the position and direction of the particle's quantum state, i.e.,
The evolution of QW is governed by the evolution operatorÛ =Ŝ(Ĉ ⊗Î p ) (Î p is the identity operator). The quantum state after t steps is given by,
The probability of finding the particle at node x after t steps is,
Suppose the eigenvalue equation ofÛ isÛ
where u j,J and |Ψ j,J are the eigenvalues and orthonormalized eigenstates of the evolution operatorÛ . In the eigenstate space, the evolution operator is diagonalized asÛ t = j,J u t j,J |Ψ j,J Ψ j,J |. Thus Eq. (5) can be written as,
Noting thatÛ is a unitary operator, i.e.,ÛÛ † =Î, which leads to |u| = 1 and
, the long time averages of P (x, t) can be written as,
where δ(u j,J − u j ′ ,J ′ ) takes value 1 if u j,J = u j ′ ,J ′ and equals to 0 otherwise. In the above equation, we can see that the limit distribution π(x) depends on the eigenvalues and eigenstates of the evolution operatorÛ . The limiting probability π(x) in Eq. (7) is also called stationary probability, which reflecting the equilibrium of the system evolution. In order to calculate the analytical expressions for P (x, t) and π(x), all the eigenvalues u j,J and eigenstates |Ψ j,J of the evolution operatorÛ are required.
B. Eigenvalues and eigenstates of the evolution operatorÛ
In the Appendix, we use the technique of Chebyshev polynomials to calculate the 2N eigenvalues of evolution operatorÛ as follows (See Eq. (B12) in the Appendix),
We also determine the 2N orthonormalized and normalized eigenstates ofÛ , which can be expanded in the Bloch states as (See Eqs. (B14)-(B16) in the Appendix),
For the convenient of calculation, we write Eq. (9) into the following simple form,
where
and
After some algebra calculation, we find several useful identities between Z j,± and M j,± ,
III. RESULTS
In this section, we will use the eigenstates and identities in Eqs. (10)- (16) to analyze the limiting probability distributions.
A. Limiting probability distributions
According to Eq. (7), the long-time averaged distribution depends on the eigenstates |Ψ j,± and degeneracy of eigenvalues. Eq. (8) suggests that most of the eigenvalues are double-fold degenerate. Concretely, if the cycle size N is an even number, there are two nondegenerate eigenvalues (j = N/2, N), the other eigenvalues have degeneracy 2 (j
. If the cycle size N is an odd number, there is one nondegenerate eigenvalue (j = N), and the other eigenvalues have degeneracy 2 (j ′ = N − j, u j,± = u N −j,± ). The limiting probability distribution in Eq. (7) can be divided into two parts: contribution from nondegenerate eigenvalues (j = j ′ , J = J ′ ) and contribution from degenerate eigenvalues
. In Eq. (7), the summation over J involves the contributions from eigenstates with different J = {+, −} sign. For the sake of simplicity, the summation over J is always indicated/included by the subscript ± and the notation of J is omitted in the following. Consequently, according to Eq. (7), the contributions from nondegenerate eigenvalues (j = j ′ , J = J ′ ) can be easily written as,
Likewise, the contributions from degenerate eigenvalues (j ′ = N − j) can be recasted as,
If the cycle size N is an even number, the contributions of j = N 2 in Eqs. (17) and (18) , which is given by,
Thus the limiting probability in Eq. (7) can be written as,
where δ mod(N,2),0 equals to 1 for even-numbered N and 0 otherwise. Now we use the initial state in Eq. (1) and eigenstates in Eq. (10) to calculate S 1 , S 2 and S 3 . Substituting |ψ(0) and |Ψ j,± in Eq. (10) into the Eq. (17), we find that
where identities (11) , (12) and (13) 
Identities (13) and (15) are used.
Substituting Eq. (1) into Eq. (18), we arrive at Ψ j,± |ψ(0
. Identities (13) and (15) are used.
In Eq. (23), the first two terms (p 2 0 and q 2 0 e −2iθ j ) in the bracket do not depend on the parity sign ±, the summation over ± will be double. In contrast, the last two terms in the small bracket () depend on the parity sign ±, and the summation over ± leads to
(e iθ j − e −iθ j ). Finally, Eq. (23) is simplified as,
Combining Eqs. (22) and (24), we obtain a simple form for S 2
which is a function of the distance d ≡ x − x 0 between x and x 0 . Noting that S 1 = 1/N and S 3 = 1/N 2 , the limiting probability distribution π(x) ≡ π(d) is closely related to S 2 . Here we obtain exact solutions for the limiting probability distribution π(x) in Eq. (20),
which is crucial to analyze the symmetry of quantum walks. Here for the first time, we obtain the exact solutions for the limiting probability distribution for QWs using a general coin and swapping shift operator.
B. Symmetry analysis and mixing time
In the following, we use the exact solution of the limiting probability distribution π(d) to determine a general condition under which the quantum walk is symmetric. The symmetry of the limiting probability distribution requires π
(d) = π(−d). The summation in Eq. (25) is
a real values, the imaginary part vanished when summing over j. Thus S 2 can be rewritten as the summation of the real part of the terms,
In the above Equation, change d to −d arriving at, 
The above equation is the condition under which the quantum walk is symmetric, one of the main conclusions of this paper. It is evident that the unbiased initial coin state Fig. 1 (d) ).
It is worth mentioning that if the initial state and coin parameters satisfy Eq. (29), the limiting probability distribution is symmetric. Now a natural question is that whether the evolution probability P (d = x − x 0 , t) is also symmetric during all the time. To address this question, we show the evolution probability P (d, t) for Hadamard quantum walks with the three different initial states in Fig. 1(a) - (c),(e)-(f). We can see that the evolution probability distributions are nearly the same, and the three different initial states give almost identical probability distributions. The symmetry for the unbiased initial coin state exactly satisfy |R nearly leads to a symmetric probability distribution. It is obvious that there are two distinct ways of arriving at a symmetric quantum walk, one is obtained by combining probabilities from two mirror image orthogonal components (p 0 = q 0 = √ 2/2, φ = ±π/2), the others are obtained by interference. Except for the unbiased initial coin state p 0 = q 0 = √ 2/2, φ = ±π/2, the other initial coin states satisfying Eq. (29) only gives a proximate symmetric distribution of P (d, t) while the symmetry of π(d) is perfect. In order to make a quantitative analysis of the symmetry of the evolution probability, we use the variation
to measure the symmetry of the distribution. The smaller the V (t) value, the more symmetric the quantum walk is. Fig. 2(a) shows the time dependence of V (t) for Hadamard walks with the initial coin states (CS a ) and (CS b ). As we can see, the symmetry variation V (t) oscillate frequently and decays as a power law of t −0.5 . This suggests that the evolution probability of quantum walk converges to a symmetry distribution rapidly as the evolution time increased.
To quantify how fast the evolution probability converges to the symmetric distribution, we define a mixing time for the symmetry variation M ǫ = min{τ | ∀ t > τ, V (t) < ǫ}. Fig. 2(b) shows the dependence of the mixing time M ǫ on the threshold value ǫ for Hadamard walks with the initial coin states (CS a ) and (CS b ). As we can see, the mixing time also shows a power-law decay of ǫ. This result is similar to mixing time behavior for quantum walks on Hypercube [16, 17] . We also try to compare the symmetry variation V (t) and mixing time M ǫ for the other initial coin parameters and initial states. We find that quantum walk with the unbiased initial states has the smallest symmetry variation V (t) and mixing time M ǫ .
The Hadamard quantum walks have a smaller V (t) than the other walks using biased coins
. This may suggest that quantum walks with unbiased coin parameters and initial states mix to the symmetric distribution fast. We hope this conclusion can be used in constructing efficient quantum algorithms.
IV. CONCLUSIONS
In summary, we obtain exact analytical solutions of the long-time averaged probabilities for the 1D quantum walks for the first time. According to the analytical solutions, we determine a general condition under which the quantum walks are symmetric. We show that, in addition to the symmetric initial coin state (|L ± i|R )/ √ 2 could lead to a symmetric probability distribution, choosing other appropriate initial state parameters (p 0 , q 0 , φ) could also achieve a symmetric quantum walk. We define a symmetry variation V (t) to quantify the symmetry and find that the evolution probability distribution converges to the symmetric distribution quickly. We hope such symmetric condition for quantum walks could provide useful insights in construction of efficient quantum algorithms. The swapping shift operatorŜ swaps the particle's state, moving the particle to the neighboring position and changing the direction. The swapping shift operatorŜ acting on an arbitrary state|i, J is summarized as,
The periodic boundary condition of the cycle requiresŜ|1,
The elements of the swapping shift operatorŜ in the Hilbert space is,
Noting that the coin operatorĈ =  
Eigenvalues
To obtain the eigenvalues ofÛ, we start our analysis on the eigenequation of the evolution operatorÛ (see Eq. (A3)). Suppose the eigenequation ofÛ isÛ |Ψ = u|Ψ (Û|Ψ j,J = u j,J |Ψ j,J ), the eigenstates |Ψ can be expanded as
Noting that the matrix form ofÛ in Eq. (A3), the eigen equationÛ |Ψ = u|Ψ can be decomposed into the following 2N linear equations,
Utilizing Eq. (B3) to eliminate α j,R and
This is similar to the recursive relation of the Chebyshev polynomials (see Appendix A in
Ref. [18] ). Noting the recursive relations and the mapping relationship can be expressed as a function of α 2,L and α 1,L ,
where U n (x) is the Chebyshev polynomials of the second kind (See Appendix A in Ref. [18] ).
Utilizing Eq. (B6) to eliminate α N,L and α N −1,L , we obtain two independent equations for α 2,L and α 1,L ,
Eqs. (B7) and (B8) should have nonzero solutions, the determinant of the four coefficients equals to 0, which leads to,
According to the Chebyshev identities (A8) and (A10) in Ref. [18] , we have xU
Thus Eq. (B9) can be simplified as,
Here, T n (x) is the Chebyshev polynomial of the first kind (see Appendix A in Ref. [18] ). The N solutions of the above equation can be represented as the following simple trigonometric function,
Using the mapping relation u = bx ± i √ 1 − b 2 x 2 , the 2N eigenvalues ofÛ are given by,
Eigenstates
Now we analyze the eigenstates |Ψ . According to Eqs. (B3) and (B6), the right components α s j,R can be written as a function of α 2,L and α 1,L ,
When T N (x) = 1, the four coefficients of α 2,L and α 1,L in Eqs. (B7) and (B8) are zero. Here, for the discrete eigenvalues we set α 2,L (x j ) = B(a, b, θ j )e 2iθ j and α 1,L (x j ) = B(a, b, θ j )e iθ j .
According to Bloch theorem and Eq. (B6), it is easy to find a general Bloch ansatz solution
Likewise, according to Eq. (B13), we find a general solution for α k,R (x j ), α k,R (θ j )| u j,± = ∓i a e iθ j 1 − b 2 cos 2 θ j ± b sin θ j B(a, b, θ j )e ikθ j .
Here, the factor B(a, b, θ j ) can be determined by the normalization condition k,J |α Hadamard walks with the initial coin states (CS a , black squares) and (CS b , red dots).
